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SUMMARY 
The p r inc ip l e s  o f  t r ans fe r  func t ion  ana lys i s  have  been  app l i ed  to  a pass ive  
o p t i c a l  h e t e r o d y n e  r e c e i v e r  t o  o b t a i n  t h e  m o d u l a t i o n  t r a n s f e r  f u n c t i o n  (MTF). 
MTF calculat ions have been performed based on a n  o p t i c a l  p l a t f o r m  wh'ich is imag- 
i n g  v e r t i c a l l y  v a r y i n g  p r o f i l e s  a t  w o r s t - c a s e  s h u t t l e  o r b i t  a l t i t u d e s .  An ana l -  
y s i s  o f  t h e  d e r o g a t o r y  effects of  sampl ing  (a l ias ing)  and  cent ra l  obscura t ions  
on both  reso lu t ion  and  he terodyne  ef f ic iency  is given.  
INTRODUCTION 
One measure of performance of an optical  imaging system is its a b i l i t y  t o  
r ep roduce  an  ob jec t  d i s t r ibu t ion  w i t h  su f f i c i en t  s igna l - to -no i se  r a t io  and  r e so -  
l u t i o n  so as t o  make t h e  information  contained  within  the image u s e f u l .  Gener- 
a l l y ,  such  a system may be  cha rac t e r i zed  by its o p t i c a l  t r a n s f e r  f u n c t i o n  (OTF) 
o r ,  i n   c e r t a i n   s y s t e m s  by t h e  modu la t ion   t r ans fe r   func t ion  (MTF). (See re f .  1).  
For conventional imaging systems using e i ther  coherent  o r  i n c o h e r e n t  i l l u -  
minat ion,  one usual ly  assumes l inear i ty  in  the imaging process  so that  t h e  cas- 
cad ing   p rope r ty   o f   t r ans fe r   func t ion   ana lys i s   app l i ed  ( ref .  2 ) .  Under t h i s  
assumption, the  MTF's of   the   ind iv idua l   subsys tems ( i . e . ,  o p t i c s ,  d e t e c t o r ,  elec- 
t r o n i c s ,  e t c . )  can be m u l t i p l i e d  t o  g i v e  t h e  o v e r a l l  t r a n s f e r  f u n c t i o n .  
I n  t h i s  r epor t ,  t he  p r inc ip l e s  o f  t r ans fe r  func t ion  ana lys i s  have  been  
a p p l i e d  t o  a passive opt ical  heterodyne receiver  which is assumed t o  be imaging 
v e r t i c a l l y  v a r y i n g  s p a t i a l  p r o f i l e s  a t  w o r s t - c a s e  s h u t t l e  o r b i t  a l t i t u d e s .  
Results o f  t h e  a n a l y s i s  show some i n t e r e s t i n g  d e p a r t u r e s  from t h e  p r o p e r t i e s  
described above; namely, that  the cascading property must be c a r e f u l l y  a p p l i e d  
and t h a t  op t i ca l  r ece ive r s  hav ing  obscura t ions ,  such  as Cassegrains ,  are not  
optimum for  he te rodyne- type  de tec t ion .  
SYMBOLS AND ABBREVIATIONS 
*g 
Ag 
BHIF 
BSIF 
DA 
h 
D.C. 
e 
f 
Gde t 
Gg 
GH 
GO 
H 
Hd 
Hhe t 
H i  f a  
HLP 
Hm 
sou rce  geomet r i ca l  shape  f ac to r  
Four ie r   t ransform of zg, m2 
effect ive mixing bandwidth,  Hz 
e f f ec t ive  sho t  no i se  bandwid th ,  Hz 
diameter o f  r e c e i v e r  a p e r t u r e ,  m 
d i rect  c u r r e n t  
d i s t ance  o f  image from r e c e i v e r  a p e r t u r e ,  m 
ampli tude  of   geometr ical  image s i g n a l  f i e l d ,  ( W / m 2 ) 1 / 2  
a m p l i t u d e  o f  l o c a l  o s c i l l a t o r  f i e l d ,  (W/m2)1/2 
ampli tude of s i g n a l  f i e l d  i n  d e t e c t o r  p l a n e ,  (W/m2) 
e l ec t ron   cha rge ,  C 
in te rmedia te   f requency ,  Hz 
Four i e r  t r ans fo rm o f  de t ec to r  ape r tu re  func t ion ,  m2 
Fourier  spectrum of  geometr ical  image s p e c t r a l  r a d i a n c e ,  W/str/HZ 
normalized  heterodyne  t ransfer   funct ion 
F o u r i e r  s p e c t r u m  o f  l o c a l  o s c i l l a t o r  f i e l d  modulated by d e t e c t o r  
p u p i l  f u n c t i o n ,  (wm2) 112 
c o h e r e n t  o p t i c a l  t r a n s f e r  f u n c t i o n  
p h o t o d e t e c t o r  t r a n s f e r  f u n c t i o n  
t o t a l  e l ec t r i c  he te rodyne  t r ans fe r  func t ion  
I .F .  ampl i f i e r  and f i l t e r  t r a n s f e r  f u n c t i o n  
low-pass f i l t e r  t r a n s f e r  f u n c t i o n  
t r a n s f e r  f u n c t i o n  r e p r e s e n t i n g  carrier d i f f u s i o n  and t r a n s i t  
time e f f e c t s  
squa re - l aw de tec to r  t r ans fe r  func t ion  
tangent  he ight  
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H t r  
h 
I d  
2 
'he t 
I L O  
I .F .  
I.F.O.V. 
K - 
KC 
b 
LHS 
L.O.  
MTF 
N 
OTF 
pho tode tec to r  sho t  no i se  t r ans fe r  func t ion  
P lanck ' s   cons tan t ,  J(sec) 
poin t   spread   func t ion ,  mB2 
pho tode tec to r  cu r ren t  , A 
mean-square  heterodyne  current  power, A2 
I.F. ampl i f ie r   ou tput   cur ren t   (cur ren t   power) ;  A ,  ( ~ 2 )  
photodetec tor  cur ren t  induced  by L.O. f i e ld ,  A 
synchronous  de tec tor  ou tput  cur ren t ,  A 
photodetec tor  cur ren t  induced  by s i g n a l  f i e l d ,  A 
s p a t i a l  F o u r i e r  component of  synchronous  de tec tor  cur ren t ,  m2A 
low-pass f i l t e r  o u t p u t  c u r r e n t ,  A 
in te rmedia te   f requency ,  Hz 
geomet r i ca l  i n s t an taneous  f i e ld  of view 
s p a t i a l  f r e q u e n c y  v e c t o r ,  m-1 
coherent   cut-off   f requency,   cycles/rad 
coherent  cut-on  frequency due t o  c e n t r a l  o b s c u r a t i o n ,  c y c l e s / r a d  
r ec t angu la r  components o f  X, m-1 
angular   f requency  var iables   corresponding  to  K,,Ky, c y c l e d r a d  
product of Boltzman's constant and source temperature,  J 
d e t e c t o r  edge l e n g t h ,  m 
laser heterodyne spectrometer  
l o c a l  o s c i l l a t o r  
modu la t ion  t r ans fe r  func t ion  
sho t  no i se  cu r ren t  power  due t o  L.O. ,  n o r m a l i z a t i o n  f a c t o r ,  A2 
o p t i c a l  t r a n s f e r  f u n c t i o n  
geometr ica l  image s p e c t r a l  r a d i a n c e ,  W/m2/sr/Hz 
PO 
R 
*: 
t 
11 
V 
vO 
-r 
X 
'he t 
w 
< >  
8 
t o t a l  L.O. power  absorbed by d e t e c t o r ,  W 
o r b i t a l  h e i g h t ,  m 
d e t e c t o r  p l a n e  s p a t i a l  v e c t o r s ,  m 
s i g n a l - t o - n o i s e  r a t i o  i n  s h o t  n o i s e  limit 
o p t i c a l  t r a n s m i s s i o n  f a c t o r  
ape r tu re  func t ion  o f  de t ec to r  geomet ry  
conjugate   o f  L.O.  f i e l d  modulated by d e t e c t o r  a p e r t u r e ,  (W/m2) 
time, sec 
v e r t i c a l  component  of  orb i ta l  ve loc i ty ,  m/sec 
rectangular  components  of z , ~ ;  m 
d i s t a n c e  o f  o b j e c t  from r e c e i v e r  a p e r t u r e ,  m 
Dirac del ta  f u n c t i o n ,  m-2 
quantum e f f i c i e n c y  
heterodyne quantum efficiency 
angu la r   coo rd ina te s   co r re spond ing   t o   x ,y ;  rad 
ins t an taneous  f i e l d  of  view, r a d  
opt ica l   wavelength ,  m 
o p t i c a l  s i g n a l  f r e q u e n c y ,  Hz 
l o c a l   o s c i l l a t o r   f r e q u e n c y ,  Hz 
e f f e c t i v e  i n t e g r a t i o n  time of  low-pass f i l t e r ,  s e c  
e f f i c i ency  f ac to r  fo r  un i fo rm ex tended  source  
e f f i c i e n c y  f a c t o r  f o r  a r b i t r a r y  s o u r c e  d i s t r i b u t i o n  
rad ian   f requency ,   rad /sec  
average  over  ensemble of s i g n a l  f i e l d s  
convolu t ion  opera t ion  
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Super sc r ip t :  
* complex conjugate  opera t ion  
THEORETICAL ANALYSIS 
Imaging Considerations 
Cons ide r  an  op t i ca l  r ece ive r  which is imaging an object  ampli tude dis t r ibu-  
t i o n  as shown i n  f i g u r e  1 .  Using scalar d i f f r a c t i o n   t h e o r y ,   t h e   s i g n a l   a m p l i -  
tude E, i n   t h e   d e t e c t o r   p l a n e  is given by ( re f .  3 )  
where h ( r )  is t h e  impulse  response  of t h e  imaging  optics  and E ( r )  is t h e  
a m p l i t u d e  of  t h e  geometr ica l  image of   the   ob jec t .  The s h i f t  i nva f i znce   o f  
h ( r )  can be j u s t i f i e d  f o r  t he  he te rodyne   appl ica t ions   d i scussed  here by a care-  
f u l  examination of the va r ious  phase  f ac to r s  appea r ing  in  t h e  impulse response 
func t ion .  
For the  mixing  of two d e t e r m i n i s t i c  o p t i c a l  beams i n  a n  ideal  d e t e c t o r ,  t h e  
mean-square  heterodyne  current power a t  the  d i f fe rence   f requency ,  f = Iv - vol , 
is ( r e f .  4 )  
where E o ( r )  is the  l o c a l   o s c i l l a t o r  a m p l i t u d e  d i s t r i b u t i o n   i n  the d e t e c t o r  
p lane ,  rl is t h e  quantum e f f i c i e n c y ,  e is t h e  e l e c t r o n i c  charge, and hv 
is the  photon  energy. A s imple classical  approach is t a k e n   t o   o b t a i n  t h e  
co r rec t   exp res s ion  from which t h e  s p a t i a l  f r e q u e n c y  a n a l y s i s  may begin.  We 
recogn ize   t ha t  t he  geometr ica l  image f i e l d  Eg(s ,v)  is a s t o c h a s t i c   p r o c e s s  
which we syn thes i ze  by discrete  frequency  components w i t h  random phases.  Now, 
f o r  a d e t e r m i n i s t i c  L.O. f i e l d  and a quasi-monochromatic  optical   signal,   equa- 
t i o n  ( 1 )  and the  gene ra l i za t ion  o f  equa t ion  ( 2 )  combine t o  g i v e  
5 
where < > r ep resen t s   an   ave rage   ove r  the  e n s e m b l e   o f   s i g n a l   f i e l d s .  It is 
assumed t h a t  t he  sou rce  o f  the  image f ie ld  on t h e  d e t e c t o r  ( i .e . ,  the  sun )  is 
s p a t i a l l y   i n c o h e r e n t .  The a p p r o p r i a t e   s u b s t i t u t i o n s  are 
Ihet 2 * I E e t ( f ) A f  
where Pg r e p r e s e n t s  the image s p e c t r a l   r a d i a n c e  a t  the  d e t e c t o r   p l a n e   i n  
W/m2/sr/Hz and IEet ( f )  is t h e  c u r r e n t   s p e c t r a l  power d e n s i t y   i n  A2/Hz. 
Equation (3) becomes 
where f 2 0 and we note  that  the L .O.  mixes w i t h  the  s i g n a l  f i e ld  components 
a t  Vo + f and Vo - f .  Here, we have  xpressed the d e t e c t o r   o v e r l a p   i n t e g r a l  
o f  the  L.O.  f i e l d  and t h e  impulse response funct ion as 
+m s ( r ) E * ( r ) h ( g  - S)d  r = T * ( s )  6.3 h ( - s )  2 Tdet - o - 0 -  - 
where T d e t ( r )  is t h e  a p e r t u r e   f u n c t i o n   o f  t h e  detector   geometry and the  pro- 
duc t  T d e t ( r ) E E ( r )  = T E ( r )  is simply t h a t  po r t ion   o f  the  L.O.  t h a t  is t r ans -  
mit ted by t h e  d e t e c t o r  a p e r t u r e .  
R e f e r r i n g  t o  t h e  d e t e c t o r  scheme of f i g u r e  2 ,  t h e  ou tpu t  cu r ren t  from t h e  
synchronous detector  is 
6 
where Hhet is the t o t a l   h e t e r o d y n e   t r a n s f e r   f u n c t i o n   d e f i n e d  by 
and T is t h e   o p t i c a l   t r a n s m i s s i o n   f a c t o r .  The v a r i o u s   c o n t r i b u t i o n s   t o  
Hhet are: the s ignaWL.0 .   mix ing   t ransfer   func t ion  H,, r ep resen t ing  carrier 
d i f f u s i o n  and t r a n s i t  time effects i n  the  d e t e c t o r ;  the  p h o t o d e t e c t o r  t r a n s f e r  
func t ion  Hd, compr i sed   o f   con t r ibu t ions   due   t o   capac i t ance ,   r e s i s t ance ,   and  
inductance;  and t h e  I .F .  ( in te rmedia te  f requency)  ampl i f ie r  and  f i l t e r  t r a n s f e r  
func t ion  H i f a .  The square- law  de tec tor  is assumed t o  have a u n i t y  t r a n s f e r  
func t ion  (HSq = 1 ) .  The s h o t - n o i s e   t r a n s f e r   f u n c t i o n  H t r  is due  only t o  
t r a n s i t  time effects  as opposed t o  Hm. 
Heterodyne Transfer Function 
I n  t h i s  paper ,  we  are i n t e r e s t e d  i n  the spa t i a l  f r equency  r e sponse  o f  t h e  
he t e rodyne  r ece ive r  t o  a v e r t i c a l l y  v a r y i n g  o b j e c t  p r o f i l e  as shown i n  f igure 1 .  
Other  than a knowledge of  t h e  t o t a l  I.F. power, t h i s  is d i f f e r e n t  from the  I . F .  
cons ide ra t ions   d i scussed   p rev ious ly .  To o b t a i n  t he  spa t i a l   f r equency   r e sponse  
and ,  u l t ima te ly ,  the  sys tem modula t ion  t ransfer  func t ion  (MTF), we assume the  
objec t   scene   rad iance   (and ,   consequent ly ,  t h e  image scene)  is l i n e a r l y  t r a n s -  
l a t e d  owing to  motion of  the o p t i c a l  r e c e i v e r  (e .g . ,  an  o rb i t i ng  p l a t fo rm) .  
T h i s  induces a t r a n s l a t i o n  o f  t he  image coord ina te s  by an amount 
and 
Fur the r ,  we de f ine  
S ince  the  impulse  response h(c) is i n v a r i a n t ,  we have the ou tpu t   cu r ren t  from 
the  synchronous detector  as 
7 
Equation ( 4 )  is o f  t he  form o f  a convolut ion 
Decomposition  of Is nc i n t o  its s p a t i a l   f r e q u e n c y  components is obta ined  
by the   Four i e r  trans formarion 
m 
By use of  the convolut ion theorem, we have 
where K is t h e   s p a t i a l   f r e q u e n c y   v e c t o r   v a r i a b l e   d e f i n e d  by its rec t angu la r  
components ( K , , K y ) ,  G g ( K )  is t h e   o b j e c t ,  or more s p e c i f i c a l l y ,   t h e   g e o m e t r i c a l  
image spectrum, Go(K)  is the   de tec tor   pupi l   func t ion   modula ted  L.O. spectrum, 
and H ( X )  is t h e   c o h e r e n t   t r a n s f e r   f u n c t i o n   o f   t h e   s y s t e m   ( r e f .  3 ) .  
Equation ( 5 )  i l l u s t r a t e s  t h e  d e p a r t u r e  o f  t h e  t r a n s f e r  f u n c t i o n  o b t a i n e d  
i n  a heterodyne system with that  obtained in  convent ional  imaging systems.  
Remembering t h a t   t h e   c o h e r e n t   t r a n s f e r   f u n c t i o n  H(K) is e q u a l   t o  t h e  pup i l  
f u n c t i o n  o f  t h e  o p t i c a l  r e c e i v e r  ( w i t h  a s u i t a b l e  c h a n g e  i n  v a r i a b l e s )  ( ref .  31, 
t h e  c o n v e n t i o n a l  o p t i c a l  t r a n s f e r  f u n c t i o n  is p r o p o r t i o n a l  t o  
where Gdet(K) is the   Four i e r   t r ans fo rm  o f   t he   de t ec to r   ape r tu re   func t ion ,  
Tdet(K).  I n  equat ion  (51, we see, however ,   that  H ( K )  is modified by t h e  
spectrum  of  the  L.O/detector  combination G o ( K ) .  The  normalized  convolution 
of  the  product G o ( K ) H * ( K )  wi th  its negative  argument  complex  conjugate is 
def ined as the   he t e rodyne   t r ans fe r   func t ion  GH. Func t iona l ly ,   t hen ,  we de f ine  
a normalized heterodyne t ransfer  funct ion by 
8 
or 
Heterodyne Eff ic iency Factor  
The denominator  of  equation ( 6 )  i n d i c a t e s   t h a t   t h e   p r o d u c t  Go(K)H(K)  
represents  the  opt ics /L .O.  detector ampl i tude  spec t rum tha t  is t r a n s f e r r e d  t o  
the   de t ec to r .   Us ing   Pa r seva l ' s   t heo rem,   t he   i n t eg ra l  s d2K I Go(X) I 2 1  H ( X )  I is t h u s  t h e  power ava i l ab le  fo r  he t e rodyn ing  ou t  o f  a 
t o t a l  L . 0 . - d e t e c t o r  power of  Po d2Kl G o ( X )  1 2 .  For a uniform  extended  source,  
we may t h u s  d e f i n e  a n  e f f i c i e n c y  f a c t o r  
s 
With t h i s  d e f i n i t i o n ,  t h e  cur ren t  spec t rum for  the  synchronous  de tec tor  (equa-  
t i o n  ( 5 ) )  becomes 
Equation (8)  may be r e l a t e d  t o  a more conventional form of heterodyne 
e f f i c i ency   found   i n  t h e  l i t e r a t u r e  ( r e f .  5 ) .  The synchronous   de tec tor   cur ren t  
is the  inve r se  Four i e r  t r ans fo rm o f  equa t ion  ( 8 ) ;  t h a t  is, 
For a s t a t i o n a r y  s c e n e  ( i .e . ,  b e f o r e  t r a n s l a t i o n  o f  t h e  image coord ina te s ) ,  we 
have = 0 so t h a t  
Subs t i t u t ion  o f  equa t ion  (8) i n t o  e q u a t i o n  ( 9 )  and  assuming a blackbody source 
o f  geomet r i ca l  shape  f ac to r  Ag(r) - and r ad iance  P g ( c ) ,  we have 
and 
4Te rl P B 2 2  
h V ( e  
I (r = 0 )  = 0 H I F  
sync - hV/KT x 7 d 2 K   ( K ) G (K)  g -  H -  - 1) "OD 
where  mixing  occurs  over  an  effective  bandwidth ~ B H I F  centered  a t  t h e  L.O. 
f requency,  a p o l a r i z a t i o n   l o s s   f a c t o r   o f  0.5 is included,   and A (5 )  is t h e  
Four ie r   t ransform  of  Ag(r). The i n t e g r a l   p o r t i o n   o f   e q u a t i o n  ($0) has t h e  
form o f  a throughput ( i . e . ,  t h a t  por t ion  of  t he  image passed by the  heterodyne 
t r a n s f e r   f u n c t i o n ) .  The product   o f  X and t h i s  i n t e g r a l  is a n   e f f i c i e n c y  
+W 
'bet = - x J g -  H -  d2K i ( K ) G   ( K )  
so  t h a t  equat ion  (10)  becomes 
2 2  
4Te ' ' o B H I F X h e t  
hv ( e  - 1) 
I (r = 0 )  = 
sync h v  /KT 
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If now, we de f ine  a sho t -no i se  l eve l  due t o  t h e  L .O. by 
2 
N = -  2‘e P B 
(hv)  o SIF 
then  the  s igna l - to -no i se  r a t io  i n  the  shot -noise  limit becomes 
where we have defined 
as the  heterodyne quantum efficiency and BSIF is the e f f e c t i v e   s h o t   n o i s e  
bandwidth.   Note  that   for a uniform  extended-source, A g ( K )  = 6(K) and  equa- 
t i o n  ( 1 1 )  r educes   t o  Xhet = x and qhet  rlx. I n  t h i s  case, the e f f i c i e n c y  
f a c t o r  x, which we have  def ined  in   equat ion (71, is e q u i v a l e n t  ( t o  w i t h i n  t h e  
D.C. quantum e f f i c i e n c y  q) t o  t h e  heterodyne quantum e f f i c i ency ,   qhe t ,   f ound  
i n  t h e  l i t e ra ture  ( re f .  5 ) .  
System Transfer Function 
Results from the  previous  sec t ion  may  now be used  t o  c a l c u l a t e  t h e  system 
t r a n s f e r  f u n c t i o n ,  i n c l u d i n g  the  low-pass f i l t e r  (see f ig .  21, f o r  t h e  s p e c i f i c  
example of imaging a one-dimensional object through an optical  receiver which 
has r ec t angu la r  symmetry.  This  has some phys ica l   s ign i f i cance   s ince   t he   r e so -  
l u t i o n  e l e m e n t s  o f  i n t e r e s t  i n  a n  o r b i t i n g  h e t e r o d y n e  r e c e i v e r  are v e r t i c a l l y  
v a r y i n g   s t r a t o s p h e r i c   l a y e r s .  To avo id   s ca l ing  d i f f i c u l t i e s  i n  the  ca l cu la -  
t i o n s ,  we will use  angular   coordinates   def ined by (see f ig .  1) 
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and 
where OF is the  geometr ica l   ins tan taneous  f i e l d  of  view (I.F.O.V.) of t he  
o p t i c a l  r e c e i v e r .  
Using  equations (12)  and t h e  one-dimensional  geometry,  equation ( 6 )  becomes 
where 
Equation (13)  assumes a plane-wave l o c a l  o s c i l l a t o r  i n c i d e n t  o f  t h e  detec- 
t o r  so that  the  de t ec to r /L .O .  t r ans fe r  func t ion  becomes simply t h e  Four i e r  
t ransform  of  t h e  d e t e c t o r   a p e r t u r e .   F u r t h e r ,  the  c o h e r e n t   t r a n s f e r   f u n c t i o n  
f o r  t h e  o p t i c s  is t h e  pupi l  func t ion  ( rec tangular  in  shape)  having  a coherent  
cu tof f   f requency   of  Kc = D A / ~ X ,  where DA is the  diameter o f  the r e c e i v e r  
a p e r t u r e  and x t h e  wavelength. T h i s  convolut ion  process  is shown i n   f i g u r e  3. 
Equation (13) a long  w i t h  equat ion  ( 8 )  g ives  t h e  sys t em t r ans fe r  func t ion  
up t o  the low-pass f i l t e r .  Expressing GH(Ke;KC,0F) and  X(Kc,8~)   (eq.  ( 7 ) )  
i n  i n t e g r a l  form, we have 
K;, K ’  -K 
sinc(OFK~)FECT(-)sinc[Op(K’-K 2% 0 0  ]RE:CT(-)dK’ 2Kc e 
0 9  
G H ( K   - K  0 ) = 0’ c’ F 
12 
and 
F i n a l l y ,   i n c l u s i o n   o f  the low-pass f i l t e r  t r a n s f e r   f u n c t i o n  HLP ( i . e . ,  
t h e  i n t e g r a t i o n  time, T) which is modeled as a running mean i n t e g r a t o r ,  we have 
V T  
H- ( K ~ )  = sine(--- Ke) 
"
0 
Z 
where vo is t h e  v e r t i c a l  component of t he  o r b i t a l   v e l o c i t y ,  z t h e  r ece ive r -  
o b j e c t   d i s t a n c e ,  and T t he  i n t e g r a t i o n  time. The t o t a l   t r a n s f e r   f u n c t i o n  is 
then the  modula t ion  t ransfer  func t ion  
Equations ( 1 4 )  and (15) can be e v a l u a t e d  i n  terms o f  t abu la t ed  func t ions  
y i e l d i n g  t h e  f o l l o w i n g  r e l a t i o n s  which will be used for computational purposes 
In   the  above  quat ions,   the   funct ions  Cin(X)  and si(X) are def ined as 
(ref. 6 )  
dt and Cin (X) = 
t dt 
RESULTS AND DISCUSSION 
MTF Ca lcu la t ions  
Equations  (16)  and  (17) may  now be eva lua ted  fo r  some spec i f i c  pa rame te r  
va lues  which are a p p l i c a b l e  t o  t h e  o p t i c a l  r e c e i v e r  i n  a space lab  type  of  
s cena r io .  A worst-case set  o f  o r b i t a l  v a l u e s  would be o b t a i n e d  f o r  t h e  r e c e i v e r  
platform a t  an o r b i t a l   h e i g h t   o f  R 400 Km and a tangent   he ight  HT of  10  km. 
A t  these  va lues ,  we assume t h a t  t h e  r e c e i v e r  is o p e r a t i n g  i n  a s o l a r  o c c u l t a -  
t i o n  mode where t h e  s u n r i s e  o r  s u n s e t  v e l o c i t y  due t o  o r b i t a l  m o t i o n  is vo = 
2 km/sec. The MTF and X ca lcu la t ions   ( equa t ions   (16 )   and  ( 1 7 ) )  w i l l  be done 
f o r   a n  I.F.O.V. o f  8F = 0.5 mrad, a n   e q u i v a l e n t   o p t i c a l   r e c e i v e r   a p e r t u r e   o f  
DA 50.8 mm, and   va lues   o f   in tegra t ion  time of f = 0.2 sec and 0.4 sec. Fur- 
t h e r ,   t h e   v a l u e   o f  DA = 50.8 mm a t  a wavelength  of = 11.152 pm (HNO3 l i n e )  
cor responds   to   an   op t ics   cu tof f   f requency   of  Kc = D ~ / 2 h  = 2278 cyc le s / r ad .  
These parameters are compatible  with the values  for  an LHS type experiment  using 
a tunable  diode laser as t h e  L.O.  a n d  a s s o c i a t e d  o p t i c s  f o r  c o u p l i n g  t h i s  t y p e  
r a d i a t i o n  t o  a de tec tor  having  the  requi red  t ime-f requency  response  ( ref .  7 ) .  
The resul ts  o f  t h e  c a l c u l a t i o n s  are shown i n  figure 4 .  It can be shown 
t h a t ,   f o r   v a l u e s   o f  T grea ter   than   roughly  0.2 sec. ,  t h e   o p t i c a l   ( h e t e r o d y n e )  
t ransfer   func t ion   dominates   the  MTF; a n d ,   f o r  T somewhat less than   0 .4   sec . ,  
the  low-pass f i l t e r  is the   dominant   f requency   l imi t ing   fac tor .   Note   tha t   the  
angular  frequency  values  can be c o n v e r t e d  t o  l i n e a r  s p a t i a l  f r e q u e n c y  ( c y c l e s /  
km)  by the  r e l a t ionsh ips  o f  equa t ion  (12 )  by a p p r o p r i a t e l y  s c a l i n g  image  and 
o b j e c t  space by t h e   r a t i o   o f  image d i s t a n c e  d i  t o   o b j e c t   d i s t a n c e  z. For 
the   o rb i t a l   va lues   a s sumed ,  z = 2262 km and  consequently a va lue   o f  2262 
cyc les / rad   cor responds   to   an   ob jec t   spa t ia l   f requency   of  1 cycle/km. Examina- 
t i o n  o f  t h e  MTF curves shows t h a t  r e so lu t ions  o f  t he  o rde r  o f  1 .5  to  2 .0  km may 
be expec ted  fo r  t he  va r ious  in t eg ra t ion  times. 
Ef f i c i ency  Ca lcu la t ions  
The e f f i c i e n c y  f a c t o r  ( h e t e r o d y n e  e f f i c i e n c y )  g i v e n  by equat ion  (17) is  
shown p l o t t e d  i n  f i g u r e  5 f o r  t h e  example  of  the  plane-wave L . O . .  Two geome- 
tries are shown: r e c t a n g u l a r   o p t i c s  (as has  been  previously  assumed)  and  cir-  
c u l a r  o p t i c s  a d j u s t e d  f o r  e q u a l  o p t i c s  and d e t e c t o r  areas. The s i g n i f i c a n c e  
of t he  abscissa (27T%Kc) r e l a t i v e  t o  h e t e r o d y n e  e f f i c i e n c y  becomes apparent  when 
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it is no ted   t ha t  a t  the   va lue   o f  ~ I T ~ F K ,  p 7.7 cor responds   approximate ly   to  
an image ( s u n )  s i z e  f i l l i n g  t h e  d e t e c t o r  o f  o n e  A i r y  d i s k  o f  t h e  r e c e i v e r  
a p e r t u r e .  I n  t h i s  r e g i o n ,  t h e  e f f i c i e n c y  is in  excess  o f  80 percent .  
Sampling Error 
The c a l c u l a t i o n s  shown p l o t t e d  i n  figure 5 do not  include any sampling 
e r r o r s  which may occur.  Suppose we sample the output  of the  low-pass f i l t e r ,  
which  has  been  modeled as a running mean i n t e g r a t o r ,  a t  a rate of t h e  i n v e r s e  
of t h e  i n t e g r a t i o n  time. This  is e q u i v a l e n t  t o  a sampled mean i n t e g r a t i o n  
scheme. Under t h i s   c o n s t r a i n t ,  it may be shown t h a t  for c e r t a i n   v a l u e s  of T 
t h e  s i g n a l  is unde r sampled .   Th i s   r e su l t s   i n  an a l i a s i n g  or f o l d o v e r  e r r o r  
which  can be s i g n i f i c a n t  r e l a t i v e  t o  t h e  d e s i r e d  signal.   For  example,  shown 
i n  f i g u r e  6 is t h e  t o t a l  MTF fo r  t he  va lues  o f  o rb i t a l  and  sys t em pa rame te r s  
prev ious ly  stated. Two i n t e g r a t i o n  times are considered: f = 0.2 sec and 
f = 0.4 sec. If we de f ine  the  sampl ing  e r ro r  as t h e  r a t i o  o f  t h e  " f o l d o v e r "  
amplitude on the  MTF p l o t  t o  t h e  amplitude of the  MTF i tself  ( i . e . ,  a white  
s igna l  spec t rum) ,  we see t h a t  t h e  e r r o r  f o r  0 .4  sec. is approximately 40 per- 
cen t  a t  0.5 cycle/km frequency and considerably worse for higher values of 
spa t i a l   f r equency .   Conver se ly ,   fo r  T = 0 .2  sec and the   cor respondingly  
higher  sampling ra te ,  the  sampl ing  e r ror  is n e g l i g i b l e .  
Heterodyne Receivers With Obscurat ions 
Telescopes  having  cent ra l  obscura t ions ,  such  as Cassegrains ,  are o f t e n  
used  for   imaging a source.  If t h i s  t ype  r ece ive r  is used  as a c o l l e c t o r  f o r  
heterodyne-type  detect ion,   one  needs  to  compare the  e f f i c i e n c y  x and  the 
he te rodyne   t ransfer   func t ion  GH w i t h  t h a t   o b t a i n e d   f o r  no obscura t ion  case. 
I n  f i g u r e  7 ,  we cons ider  the  effects  of  receiver  aper tures  having obscura-  
t i o n  r a t i o s  o f  0 and 20 p e r c e n t  f o r  8F = 0.2 and 0.5 mrad. Note the  enhance- 
ment of  response  in  t h e  2000 cyc les / rad  reg ion  a t  t h e  expense of t h a t  near  1000 
c y c l e s / r a d   f o r  20 percent   obscurat ion  and OF = 0.5 mrad. The e f f e c t s   o f  
obscura t ions  are more pronounced for ' square as opposed t o  circular geometr ies .  
An unobscured  conventional MTF d iscussed  earlier is p l o t t e d  f o r  8F = 0.5 mrad 
showing a somewhat reduced f r equency  r e sponse  cha rac t e r i s t i c  from the heterodyne 
MTF. For a smaller d e t e c t o r  (0, = 0.2 mrad),  a 20 percent   obscura t ion   tends  
t o  assume the shape of  a convent iona l  MTF. 
I n  f i g u r e  5, we assume a r e c e i v e r  a p e r t u r e  h a v i n g  o b s c u r a t i o n  r a t i o s  o f  
20 and 50 percent .  For t he   va lues  of 8F and Kc used ear l ier ,  ~ W ~ F K ,  7.2,  
and comparison of the various efficiency curves a t  t h i s  v a l u e  shows s t r i k i n g  
d i f fe rences .   For  50 percent   obscura t ion  case, one sees tha t  the  heterodyne 
e f f i c i e n c y  is v i r t u a l l y  z e r o  w h i l e  for 20 percent  obscura t ion  a r e l a t i v e  effi-  
c i e n c y  o f  s l i g h t l y  greater than 0.2 is achieved. This  compares  with a va lue  
of greater than 0.8 when unobscured.   Note   fur ther ,   there  is a "peaking"  of  the 
e f f ic iency   curves   for   obscured   sys tems.  The rule-of-thumb  requirement of one 
Airy disk on the  de t ec to r  fo r  r fgoodr r  e f f i c i ency  no longer  holds ,  bu t  rather t h e  
source image needs  to  be less t h a n  t h i s  v a l u e  t o  a c h i e v e  t h e  maximum e f f i c i e n c y  
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f o r  t h a t  p a r t i c u l a r  s y s t e m .  The effect  can be explained  on t h e  basis o f  t h e  
o v e r l a p  i n t e g r a l  ( e q .  ( 2 ) )  o f  t he  L.O. f i e l d  a n d  s i g n a l  f i e l d  d i s t r i b u t i o n s .  
T h u s ,  t h e  d i f f r a c t e d  f i e l d  due t o  t h e  c e n t r a l  o b s c u r a t i o n  is out of phase wi th  
t h a t  o f  the  primary diffracted f ie ld  and, as t h e  s i z e  o f  t h e  d e t e c t o r  a n d / o r  
o p t i c s  i n c r e a s e s ,  t h e  c a n c e l l a t i o n  t e n d s  t o  be more complete. 
CONCLUDING REMARKS 
The a n a l y s i s  o f  a pass ive  he te rodyne  rece iver  with r e s p e c t  t o  its imaging 
per formance  ( t ransfer  func t ion)  and its he te rodyne  e f f i c i ency  shows some 
i n t e r e s t i n g  d e p a r t u r e s  from t h e  r e s u l t s  which are o b t a i n e d  i n  s t r i c t l y  c o h e r e n t  
or  incoherent  imaging  systems.  For  example,   the  cascading  property  of MTF 
a n a l y s i s  must be c a r e f u l l y  a p p l i e d ,  s i n c e  t h e  c o h e r e n t  t r a n s f e r  f u n c t i o n  o f  t h e  
o p t i c a l  r e c e i v e r  a n d  t h a t  due t o  t h e  L.0.-detector combination are not  separable  
b u t  are r e l a t e d  by t h e  convolut ion  of  t he i r  products .   Appl icat ion  of  these 
r e s u l t s  t o  a space lab- type  opt ica l  he te rodyne  rece iver  (LHS) shows that  reso lu-  
t i o n s  o f  t he  order  of  1.5 t o  2.0 km are p o s s i b l e  f o r  w o r s t - c a s e  t y p e  o r b i t a l  
s c e n a r i o s .  
Further ,   comparison  of   obscured-type  receivers  (e.g. ,  Cassegrains)  w i t h  
unobscured receivers  shows t h a t  bo th  r e so lu t ion  and e f f i c i e n c y  are seve re ly  
degraded in  an  obscured- type  rece iver  and ,  consequent ly ,  should  not  be used 
f o r  a pass ive  he te rodyne  de tec t ion  scheme. 
Langley Research Center 
National Aeronautics and Space Administration 
Hampton, VA 23665 
November 24, 1980 
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Figure 1.- Imaging geometry. 
F igure  2.- System t r a n s f e r  f u n c t i o n s .  
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Figure 3.- Graph ica l  i n t e rp re t a t ion  of he te rodyne  t ransfer  func t ion .  
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Figure 4.- To ta l  MTF for  w o r s t - c a s e  s h u t t l e  o r b i t  and two va lues  of i n t e g r a t i o n  
t i m e .  
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Figure 6.- Aliasing  error for 2.5-Hz sampling rate at worst-case  shuttle 
orbit. 
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Figure 7.- Comparison of t r a n s f e r  f u n c t i o n s  €or var ious  geometr ies .  Dashed 
curve  represents  convent iona l  MTF wi th  0.5 mrad I.F.O.V. 
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